Abstract. We study a W -algebra of central charge 2(k − 1)/(k + 2), k = 2, 3, . . . contained in the commutant of a Heisenberg algebra in a simple affine vertex operator algebra L(k, 0) of type A (1) 1 with level k. We calculate the operator product expansions of the W -algebra. We also calculate some singular vectors in the case k ≤ 6 and determine the irreducible modules and Zhu's algebra. Furthermore, the rationality and the C 2 -cofiniteness are verified for such k.
Introduction
A Virasoro field and its finitely many primary fields generate a W -algebra of various kinds. Those W -algebras are important in the study of vertex operator algebras, for they provide many interesting examples. In [15] , a possible structure of a W -algebra W (2, 3, 4, 5) with primary fields of conformal weight 3, 4 and 5 was discussed. Such an algebra was constructed in the commutant of a Heisenberg algebra in a Weyl module V (k, 0) for an affine Lie algebra sl 2 of type A (1) 1 with level k in [1] . Our main concern is the commutant K 0 of a Heisenberg algebra in a simple quotient L(k, 0) of V (k, 0), where k is an integer greater than 1. The commutant K 0 , including the characters of its irreducible modules, was studied in [2] (see [14] also). In this paper, we study K 0 from a point of view of vertex operator algebra. The central charge of K 0 is 2(k − 1)/(k + 2), which coincides with the central charge of the parafermion algebra. We refer the reader to [7] for the relationship between K 0 and the parafermion algebra.
It is also known that K 0 appears as the commutant of a certain subalgebra in the vertex operator algebra V √ 2A k−1 associated with √ 2A k−1 , where √ 2A k−1 denotes √ 2 times an ordinary root lattice of type A k−1 [18] . Such a realization of K 0 leads to a natural study of V √ for some special k is expected to play an important role in a better understanding of the moonshine vertex operator algebra V ♮ [12] . It is widely believed that K 0 is a rational and C 2 -cofinite vertex operator algebra. It is also anticipated that K 0 has exactly k(k + 1)/2 inequivalent irreducible modules (see Conjecture 4.6) . In this paper, we treat these subjects. The key of our arguments here is a detailed analysis of some singular vectors. Unfortunately, we do not succeed in describing those singular vectors explicitly for a general k. Therefore, we restrict ourselves to the case k ≤ 6. We determine Zhu's algebra and classify the irreducible modules of K 0 for k ≤ 6. Moreover, we show that K 0 is rational and C 2 -cofinite for such k. In the case k ≥ 3, we show that K 0 is generated by a primary field of weight 3.
The organization of the paper is as follows. In Section 2, we introduce the conformal vector ω of central charge 2(k − 1)/(k + 2) and Virasoro primary vectors W 3 , W 4 and W 5 of weight 3, 4 and 5, respectively in the commutant N 0 of a Heisenberg algebra in the Weyl module V (k, 0) for sl 2 with level k, where k is an integer greater than 1. Such a vector W i , i = 3, 4, 5 is unique up to a scalar multiple. Let W i n be a component operator, that is, the coefficient of x −n−1 in the vertex operator associated with W i . The vectors W i n W j , 3 ≤ i ≤ j ≤ 5, 0 ≤ n ≤ i+j −1 are known in [1] . We compute these vectors in the Weyl module V (k, 0) and express them as linear combinations of vectors of normal form (see (2.12) ). The computation has been done by a computer algebra system Risa/Asir. The results can be found in Appendix B. In the computation of the vectors W i n W j , we do not assume that k is an integer greater than 1. Thus in Appendix B, we can think of the parameter k as a formal variable. Using the explicit expression of W i n W j as a linear combination of vectors of normal form, we study a subalgebra W of the commutant N 0 generated by ω, W 3 , W 4 and W 5 . It turns out that W is in fact generated by W 3 if k ≥ 3. As a consequence, the automorphism group of W is of order 2 and it is generated by an automorphism which maps W 3 to its negative if k ≥ 3. We also show that Zhu's algebra of W is commutative. It is known that W has two (resp. four) linearly independent singular vectors of weight 8 (resp. 9) [1] . We use these singular vectors to determine Zhu's algebra of K 0 for k = 5, 6 in Section 5. In addition to them, a weight 10 singular vector is necessary to establish the C 2 -cofiniteness for k = 5, 6 in Section 5.
Since k is an integer greater than 1, the vertex operator algebra V (k, 0) possesses a unique maximal ideal J , which is generated by e(−1) k+1 ½ [16] . In Section 3, we study the commutant K 0 of a Heisenberg algebra in the quotient vertex operator algebra L(k, 0) = V (k, 0)/J . We denote the image of W in L(k, 0) by W. Then W is a subalgebra of K 0 . The ideal J is not contained in the commutant N 0 . It is expected that a unique maximal ideal J ∩ N 0 of N 0 is generated by a weight k + 1 vector u 0 = f (0) k+1 e(−1) In Section 4, we embed L(k, 0) into a vertex operator algebra V L associated with a lattice L of type A ⊕k 1 . This is accomplished by the use of level-rank duality [7, Chapter 14] . Let V aff be a subalgebra of V L obtained by the embedding. Then V aff ∼ = L(k, 0). There is a sublattice L ′ of L isomorphic to √ 2A k−1 such that the vertex operator algebra V L ′ associated with L ′ is the commutant of the vertex operator algebra V Zγ associated with a rank one lattice Zγ in V L . We have V L ⊃ V aff ⊃ V Zγ and K 0 ∼ = V aff ∩ V L ′ . That is, K 0 is isomorphic to the commutant of V Zγ in V aff . This consideration has some advantages. For instance, using the representation theory of the vertex operator algebra V Zγ , we construct a certain family of irreducible K 0 -modules inside V L ⊥ and study their properties, where L ⊥ is the dual lattice of L.
The singular vectors of weight at most 10 in W are calculated explicitly for any k. However, this is not the case for u 0 . We can describe u 0 as a linear combination of vectors of normal form only for a given small k. For this reason, we deal with only the case k ≤ 6 in Section 5. If k = 2, 3 or 4, then W is degenerate. In fact, it turns out that u 0 is a scalar multiple of W k+1 for k = 2, 3, 4. In such a case, W is isomorphic to a well-known vertex operator algebra. Thus the main part of Section 5 is devoted to the case k = 5, 6. We show that W = K 0 and classify its irreducible modules. Moreover, we show that K 0 is rational and C 2 -cofinite. We note that K 0 is related to a 2A, 3A, 4A, 5A or 6A element of the Monster simple group according as k = 2, 3, 4, 5 or 6 (see [19, Our notation is fairly standard [12, 20] . Let V be a vertex operator algebra and (M, Y M ) be its module. Then Y M (v, x) = n∈Z v n x −n−1 is the vertex operator associated with v ∈ V . The linear operator v n on M is called a component operator. For a subalgebra U of V and a subset S of M, let U · S = span{u n w | u ∈ U, w ∈ S, n ∈ Z}, which is the U-submodule of M generated by S.
Part of the results in this paper was announced in [6] . We remark that N 0 (resp. K 0 ) is denoted by W (resp. W) in [6] . In this paper, we distinguish N 0 and W (resp. K 0 and W) clearly to avoid confusion.
W and its singular vectors
Let {h, e, f } be a standard Chevalley basis of sl 2 . Thus [h, e] = 2e, [h, f ] = −2f , [e, f ] = h for the bracket and h, h = 2, e, f = 1, h, e = h, f = e, e = f, f = 0 for the normalized Killing form. We fix an integer k ≥ 2. Let V (k, 0) = V b sl 2 (k, 0) be a Weyl module for the affine Lie algebra
Verma module for sl 2 with level k and highest weight 0. Let ½ be its canonical highest weight vector, which is called the vacuum vector. Then sl 2 ⊗ C[t] acts as 0 and C acts as k on ½. We denote by h(n), e(n) and f (n) the operators on V (k, 0) induced by the action of h ⊗ t n , e ⊗ t n and f ⊗ t n , respectively. Thus h(n)½ = e(n)½ = f (n)½ = 0 for n ≥ 0 and
for a, b ∈ {h, e, f }. The elements
2)
Let a(x) = n∈Z a(n)x −n−1 for a ∈ {h, e, f } and
for a i ∈ {h, e, f } and n i ∈ Z, where 1 denotes the identity operator. Set
Then (V (k, 0), Y, ½, ω aff ) is a vertex operator algebra with the conformal vector ω aff , whose central charge is 3k/(k + 2) [13] (see [20, Section 6 .2] also). The vector of the form (2.2) is an eigenvector for (ω aff ) 1 with eigenvalue
The eigenvalue is called the weight of the vector in V (k, 0). We denote the weight of v by wt v. We consider two subalgebras h = Ch⊗C[t,
) is a vertex operator algebra associated with the Heisenberg algebra h * of level k. The conformal vector of V b h (k, 0) is given by
Here M b h (k, λ) denotes an irreducible highest weight module for h with a highest weight vector v λ such that h(0)v λ = λv λ and
The index λ runs over all even integers, since the eigenvalues of h(0) in V (k, 0) are even integers. In fact, h(0) acts as 2(q − r) on the vector of the form (2.2).
In the case
. The commutant N 0 is a vertex operator algebra with the conformal vector ω = ω aff − ω γ ;
It is also the commutant of Vir(ω γ ) in V (k, 0), where Vir(ω γ ) is the subalgebra of V (k, 0) generated by ω γ . Since ω 1 v = (ω aff ) 1 v for v ∈ N 0 , the weight of v in N 0 agrees with that in V (k, 0). By a direct computation, we see that the dimension of the weight i subspace (N 0 ) (i) of N 0 is 2, 4 and 6 for i = 3, 4 and 5, respectively. Furthermore, we can verify that there is up to a scalar multiple, a unique Virasoro primary vector W i in (N 0 ) (i) for i = 3, 4, 5. Here a Virasoro primary vector of weight i means that ω 2 W i = ω 3 W i = 0 and ω 1 W i = iW i . In this paper, we take 
Notice that h, e, f and ω are denoted by
Recall that W i n is a component operator, that is, the coefficient of x −n−1 in the vertex operator associated with [1] . In this paper, we compute W i n W j as an element of the vertex operator algebra V (k, 0) by using the definition (2.3) of the component operator v n and the commutation relation (2.1) of the operators a(n), a ∈ {h, e, f }, n ∈ Z on V (k, 0), together with the property a(n)½ = 0 for n ≥ 0 of the vacuum vector ½. Every element of V (k, 0) involved in the computation here is expressed as a linear combination of the basis (2.2) of V (k, 0). The results can be found in Appendix B (see Remark 2.7 also). For instance, 
has been done by a computer algebra system Risa/Asir. During the computation, we only use the condition a(n)½ = 0 for a ∈ {h, e, f }, n ≥ 0, the commutation relation (2.1) and the definition (2.3) of vertex operators on V (k, 0). The parameter k is treated as a formal variable. That is, we do not assume that k is an integer greater than 1 in the computation. Hence in Appendix B, k can be considered as a formal variable. Let Vir(ω) be the subalgebra of W generated by ω. 
we obtain the following lemma by induction.
Lemma 2.4. W is spanned by the elements
An element of the form (2.12) is said to be of normal form. Another notation is more convenient on some occasion. Set
n+4 . All of these operators are of weight −n. The spanning set of W can also be described by
The weight of the vector (2.13) is
A vector u of a W-module is called a highest weight vector for W with highest weight
. By a similar argument as above, we see that the vectors
the W-submodule W · u generated by such a highest weight vector u. An automorphism of the Lie algebra sl 2 given by h → −h, e → f , f → e lifts to an automorphism θ of the vertex operator algebra V (k, 0) of order 2. The Virasoro element ω γ is invariant under θ by (2.4 We will consider Zhu's algebra A( W) of W. Zhu's algebra A(V ) of a vertex operator algebra (V, Y, ½, ω) introduced by Zhu [23] is very powerful for the study of irreducible V -modules. For u, v ∈ V with u being homogeneous, let
We extend these two binary operations to arbitrary u, v ∈ V by linearity. The subspace O(V ) spanned by all u • v with u, v ∈ V is a two-sided ideal with respect to * . We denote by 
We need some formulas. By [23, Lemma 2.
By (2.15), u −1 v can be written as a linear combination of u * v and u n v, n ≥ 0. Note that wt(u n v) = wt u + wt v − n − 1, n ≥ 0 is strictly smaller than wt(u −1 v) for homogeneous elements u, v ∈ V . For n ≥ 0, (2.16) 
Let o(v) = v wt(v)−1 for a homogeneous element v ∈ V and extend it to an arbitrary element by linearity. If U = ⊕ ∞ n=0 U(n) is an admissible V -module as in [9] with U(0) = 0, then o(v) acts on its top level U(0). Zhu's theory [23, Theorems 2.1.2 and 2.2.2] can be summarized as follows.
(2) U → U(0) is a bijection between the set of equivalence classes of irreducible admissible V -modules and the set of equivalence classes of irreducible A(V )-modules.
We now study Zhu 
is a linear combination of the images in A( W) of elements in
W having strictly smaller weight than v by (2.16). If
, we may assume that q = 0 by induction on weight. We can apply a similar argument to W 
Using an explicit expression of W 
Likewise, we have
Thus A( W) is commutative. We have obtained the following lemma.
Lemma 2.6. A( W) is commutative and it is generated by
The above lemma implies that
] define a homomorphismφ of associative algebras from a polynomial algebra C[w 2 , w 3 , w 4 , w 5 ] of four variables w 2 , w 3 , w 4 , w 5 onto A( W). In particular, A( W) is spanned by
where [u] * p is a product of p copies of [u] in A( W). We will study linear relations among vectors of normal form (2.12) of small weight. The generating function of the number of vectors of normal form with respect to weight is
The sum of its first several terms are
We express all vectors of normal form (2.12) of weight at most 10 as linear combinations of the basis (2.2) of V (k, 0). By a direct calculation, we can verify that those vectors of normal form of weight at most 7 are all linearly independent. However, this is not the case if the weight is greater than 7 [1, (2.1.9)]. There are 29 vectors of normal form of weight 8, which span a subspace of dimension 27. Thus the dimension of the weight 8 subspace of W is 27. If we eliminate (W ] by a similar method as above and obtain the following polynomial. Let C 2 ( W) be the subspace of W spanned by the elements u −2 v with u, v ∈ W. The quotient space W/C 2 ( W) has a commutative Poisson algebra structure [23, Section 4.4] .
We consider the images of some null fields in W/C 2 ( W). The nontrivial linear relation involving W 
with x 2 and x i , i = 3, 4, 5, respectively in the polynomial and multiply it by (17/9)k(k + 1)(16k + 17)
2 (64k + 107).
Let B 0 be the polynomial obtained in this manner. Then
, B 0 lies in the kernel ofρ. Likewise, we consider the images of the four nontrivial linear relations among the vectors of normal form of weight 9 in W/C 2 ( W). We obtain only one nonzero polynomial B 1 up to a scalar multiple in this manner, namely,
In fact, the polynomial B 1 comes from the null field v 1 .
The weight 10 subspace of W + is of dimension 35, while there are 40 vectors of normal form in the subspace. We eliminate 1 Take the image of v 2 in W/C 2 ( W) and replace ω + C 2 ( W) and W i + C 2 ( W) with x 2 and x i , i = 3, 4, 5, respectively. Then we obtain a polynomial in x 2 , x 3 , x 4 , x 5 . Its suitable constant multiple B 2 is as follows.
. We note that B 0 , B 1 and B 2 lie in the kernel ofρ. These polynomials will be used in Section 5.
Remark 2.7. We eliminate (W 
Unique maximal ideal I of N 0
The vertex operator algebra V (k, 0) is not simple, for we are assuming that k is an integer greater than 1. In fact, it possesses a unique maximal ideal J , which is generated by a weight k + 1 vector e(−1) k+1 ½ [16] . The quotient algebra L(k, 0) = V (k, 0)/J is the simple vertex operator algebra associated with an affine Lie algebra sl 2 of type A 
where
1 We omit the explicit form of v 2 in Appendix C, for it is very complicated.
In particular, I = J ∩ N 0 is an ideal of N 0 and K 0 ∼ = N 0 / I. Lemma 3.1. I is a unique maximal ideal of N 0 .
Proof. The top level of the subalgebra V b h (k, 0) ⊗ N 0 of V (k, 0) is C½, and so it is the top level of N 0 also. Hence N 0 has a unique maximal ideal, say S. Since J does not contain
proper ideal of V (k, 0) and so it is contained in the unique maximal ideal J . Therefore, I = S as required.
The vector e(−1) k+1 ½ is not contained in N 0 . For r ≥ 1 and an integer n, we calculate that h(n)f (0) r e(−1)
Hence, h(n)f (0) r e(−1) r ½ = 0 if n = 0 or n ≥ 2, and
½.
In particular, h(n)f (0) k+1 e(−1) k+1 ½ = 0 for n ≥ 0. This proves the next theorem.
It seems natural to expect the following properties of f (0) k+1 e(−1) k+1 ½ (see Section 5). 
½.
We have considered the elements ω aff , ω γ , ω, W 3 , W 4 and W 5 of V (k, 0). For simplicity of notation, we use the same symbols to denote their images in L(k, 0) = V (k, 0)/J . Then ω is the conformal vector of [13, Theorem 5.2] . It is also the commutant of Vir(ω γ ) in L(k, 0). The automorphism θ of V (k, 0) induces an automorphism of L(k, 0). We denote it by the same symbol θ. Let W be a subalgebra of K 0 generated by ω, W 
In the preceding section, K 0 is defined to be the commutant of V b h (k, 0) in L(k, 0). We will follow the argument in [7] to realize K 0 in a vertex operator algebra associated with a lattice and construct some of its irreducible modules. Those irreducible K 0 -modules will be denoted by 
where ½ = 1 ⊗ 1 is the vacuum vector.
and A n B = 0 for A, B ∈ {H, E, F }, n ≥ 2 in the vertex operator algebra V L . Therefore, the component operators H n , E n and F n , n ∈ Z, which are endomorphisms of V L or V L ⊥ , give a representation of sl 2 with level k under the correspondence
We have
..,k} |I|=j e −α I ,
, where α I = p∈I α p for a subset I of {1, 2, . . . , k}. In
Let V aff (resp. V γ ) be the subalgebra of V L generated by H, E and F (resp. e
where V Zγ is the vertex operator algebra associated with a rank one lattice Zγ. Note that V γ contains (e γ ) 2k−2 e −γ = H. The −1 isometry of the lattice L ⊥ lifts to a linear isomorphism θ of V L ⊥ onto itself of order 2. Such a lift is unique, since the commutator map c 0 ( · , · ) is trivial. Its restriction to V L is an automorphism of the vertex operator algebra V L . We have θH = −H, θE = F and θF = E. Thus the restriction of the automorphism θ here to V aff agrees with the automorphism of L(k, 0) = V (k, 0)/J induced by the automorphism θ of V (k, 0) discussed in Section 2.
For simplicity of notation, we use the same symbols ω aff , ω γ , ω, W 3 , W 4 and W 5 to denote their images in V aff ∼ = L(k, 0) under the correspondence (4.1). Then
Moreover,
be the vertex operator algebra associated with L ′ , where
is a subalgebra of V L . By (4.2) and (4.3), the following proposition holds [18] (see [13, Theorem 5 .2] also).
We will describe ω and W 3 explicitly as elements of V L ′ (see [18, Lemma 4.1] ). In the vertex operator algebra V L we have
Hence we obtain (see [18, 
Using these equations, we have
aff with L(k, 0) and V γ with V Zγ from now on. It is well known that the vertex operator algebra associated with a positive definite even lattice is rational [3] . We study a decomposition of V aff into a direct sum of irreducible modules for V γ = V Zγ . Any irreducible module for V Zγ is isomorphic to one of
Now, the action of H 0 = γ(0) on e nγ/2k is given by H 0 e nγ/2k = ne nγ/2k . Moreover, the eigenvalues of H 0 on V aff are even integers, since h(0)u = 2(q − r)u for a vector u of the form (2.2) in V (k, 0). Hence V Zγ+nγ/2k does not appear as a direct summand in V aff unless n is even. Let
That is, the following lemma holds.
In the case j = 0, M 0,0 coincides with the commutant
. The restriction of θ to M 0,0 , which we denote by the same symbol θ, is an automorphism of M 0,0 of order 2. In order to describe irreducible M 0,0 -modules contained in V L ⊥ , let
0 is the vacuum vector ½ and v
From this explicit form of v i,j , we see that
for a general i also and identify it with V aff · v i . Let
into a direct sum of irreducible V γ -modules and obtain the following lemma, which is a generalization of Lemma 4.2.
Next, we consider an isomorphism σ = exp(2π √ −1γ(0)/2k) induced by the action of γ(0) on V L ⊥ . Recall that h(0)u = 2(q − r)u for u ∈ V (k, 0) being as in (2.2) and that
For convenience, we understand the second parameter j of M i,j to be modulo k. We study some basic properties of M 0,0 -modules
Proof. We first show the assertion (1) L(k, 0) . Actually, L(k, 0) is equal to S, since it is a simple vertex operator algebra. Now, let v ∈ V Zγ−rγ/k ⊗ M 0,r . Then the fusion rules V Zγ+a × V Zγ+b = V Zγ+a+b of irreducible V Zγ -modules [7, Chapter 12] imply that v n u lies in V Zγ−(r+j)γ/k ⊗ M 0,r+j . Hence S ∩ (V Zγ−jγ/k ⊗ M 0,j ) = V Zγ−jγ/k ⊗ U, which contradicts the fact that L(k, 0) = S. Thus M 0,j is an irreducible M 0,0 -module. We apply a similar argument to the irreducible L(k, 0)-module L(k, i) and use the decomposition in Lemma 4.3. Then we obtain (1) .
Next, we show the assertion (2) . A multiplication by e −γ/2 on the group algebra
We show the assertion (3). Since
Finally, we show the assertion (4). The top level of the irreducible The character of M i,j is known [2, 14] . In fact,
by [14, (3.34) ]. Note that k, l and m of [14] are k, i and i−2j, respectively in our notation. Then [14, (3.36 
Proof. We use the representation of sl 2 given by the correspondence (4.1), namely 
The vertex operator algebra M 0,0 is rational and C 2 -cofinite.
Case k ≤ 6
In this section we will show that Conjecture 4.6 is true for k ≤ 6. Indeed, one may verify that there are k(k + 1)/2 different pairs of eigenvalues of the operators o(ω) and
That is, o(ω) and o(W 3 ) are expected to be sufficient to distinguish inequivalence of those irreducible M 0,0 -modules M i,j 's. This is the case if k is a small positive integer, say k ≤ 6. In this way we see that the assertion (1) of Conjecture 4.6 is true for k ≤ 6.
The singular vector discussed in Section 3 plays a crucial role in the proof of the remaining assertions of Conjecture 4.6. Let
Our argument is based on a detailed analysis of the vector u 0 . First of all, we express u 0 as a linear combination of the basis (2.2) of V (k, 0). The expression enables us to write u 0 as a linear combination of the vectors of normal form (2.12) of weight k + 1. This in particular implies that W contains u 0 . Unfortunately, we do not succeed in handling this process for a general k. It seems difficult even to show that u 0 ∈ W. Therefore, we discuss only the case k ≤ 6 in this section. Actually, u 0 is a scalar multiple of W 3 , W 4 or W 5 in the case k = 2, 3 or 4. In such a degenerate case, W is isomorphic to a well-known vertex operator algebra (see below for details). Thus we concentrate on the cases k = 5 and 6.
We study Zhu's algebra A(W) of W for the classification of irreducible W-modules. It turns out that the null fields v 0 and v 1 considered in Section 2 and u r = (W . It is known that a three state Potts model has exactly six irreducible modules [17] . Moreover, we have W = M 0,0 . The results in [17] agree with the assertions of Conjecture 4.6. The vertex operator algebra
was studied in detail [17] . Zβ with β, β = 6, which has exactly ten irreducible modules [10] . Moreover, we have W = M 0,0 . The results in [10] agree with the assertions of Conjecture 4.6.
3 The vertex operator algebra
was studied in detail [5] . ) r u 0 , r = 1, 2, 3. The weight of u r is k + 1 + r. We first express u r as a linear combination of the basis (2.2) of V (k, 0), and then express it as a linear combination of the vectors of normal form (2.12). For instance,
This equation is obtained from the expression of the vectors u . The kernel also contains the above four polynomials P 0 , P 1 , P 2 and P 3 , for u 0 , u 1 , u 2 and u 3 lie in I. We can verify that a Gröbner basis of the ideal P of C[w 2 , w 3 , w 4 , w 5 ] generated by P 0 , P 1 , P 2 , P 3 , Q 0 and Q 1 with k = 5 consists of the five polynomials
where p(w 2 ), q(w 2 ) and r(w 2 ) are polynomials in w 2 of degree 8, 8 and 5, respectively. The common factor of R 1 and p(w 2 ) is w 2 (7w 2 −6)(7w 2 −2) and that of R 1 and q(w 2 ) is w 2 , while r(w 2 ) has no common factor with R 1 . The Gröbner basis implies that C[w 2 , w 3 , w 4 , w 5 ]/P is a 15 dimensional space with basis w m 2 + P, 0 ≤ m ≤ 8, w n 2 w 3 + P, 0 ≤ n ≤ 5. In particular, C[w 2 , w 3 , w 4 , w 5 ]/P is generated by w 2 + P and w 3 + P.
We do not show that W = M 0,0 so far. We can verify that the 15 quartets of the eigenvalues of these four operators on Cv i,j are all different and that they agree with the solutions (w 2 , w 3 , w 4 , w 5 ) of a system of equations We consider the polynomial P r ∈ C[w 2 , w 3 , w 4 , w 5 ] obtained from u r in a similar manner as in the case k = 5. Let P be the ideal of C[w 2 , w 3 , w 4 , w 5 ] generated by the six polynomials P r , r = 0, 1, 2, 3, Q 0 and Q 1 with k = 6. We calculate that a Gröbner basis of P consists of the following five polynomials.
where p(w 2 ), q(w 2 ) and r(w 2 ) are polynomials in w 2 of degree 12, 12 and 7, respectively. The common factor of R 1 and p(w 2 ) is w 2 (2w 2 − 3)(4w 2 − 3)(4w 2 − 1)(32w 2 − 3) and that of R 1 and q(w 2 ) is w 2 , while r(w 2 ) has no common factor with R 1 . The Gröbner basis implies that C[w 2 , w 3 , w 4 , w 5 ]/P is a 21 dimensional space with basis w For the proof of the C 2 -cofiniteness of W, we use u r , r = 0, 1, 2, 3 and v s , s = 0, 1, 2. Consider seven polynomials A r , r = 0, 1, 2, 3 and B s , s = 0, 1, 2 obtained in a similar manner as in the case k = 5. We can verify that the ideal A generated by these seven polynomials is of finite codimension in C[x 2 , x 3 , x 4 , x 5 ]. Thus W is C 2 -cofinite.
Let U be an irreducible A(W)-module. Then U = Cu is one dimensional and L(0)u = λu for some λ ∈ E. We want to show that any W-module M generated by U is irreducible (see [ 
Using the expression of
as a linear combination of vectors of normal form given in Appendix B, together with basic formulas (2.10) and (2.11), we can determine the constant η p , p = 1, 2, 3, 4. In fact, a suitable constant multiple F p of η p is as follows.
We can verify that a system of equations 
